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Abstract. We consider the problem of finding a singularity of a differentiable vector field
X defined on a complete Riemannian manifold. We prove a unified result for the existence
and local uniqueness of the solution, and for the local convergence of a Riemannian version
of Newton’s method. Our approach relies on Kantorovich’s majorant principle: under
suitable conditions, we construct an auxiliary scalar equation ¢(r) = 0 which dominates the
original equation X (p) = 0 in the sense that the Riemannian Newton method for the latter
inherits several features of the real Newton method applied to the former. The majorant ¢
is derived from an adequate radial parameterization of a Lipschitz-type continuity property
of the covariant derivative of X, a technique inspired by previous work of Zabrejko et al.
on Newton’s method in Banach spaces. We show how different specializations of the main
result recover Riemannian versions of Kantorovich’s theorem and Smale’s a-theorem, and,
at least partially, the Euclidean self-concordant theory of Nesterov and Nemirovskii. In
the specific case of analytic vector fields, we improve recent developments in this area by
Dedieu et al. (J. Numer. Anal., Vol. 23, 2003, pp. 395-419). Some Riemannian techniques
used here were previously introduced by Ferreira and Svaiter (J. of Complexity, Vol. 18,
2002, pp. 304-329) in the context of Kantorovich’s theorem for vector fields with Lipschitz
continuous covariant derivatives.
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1 Introduction

In this paper we investigate the existence, local uniqueness and iterative approximation
of solutions to the problem of finding a singularity of a continuously differentiable vector
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field X defined on a connected and finite-dimensional manifold M. In fact, we assume that
M is endowed with a Riemannian metric g with (M, g) being complete, and we consider
the iterates generated by a Riemannian version of Newton’s method applied to X. This
Riemannian Newton’s method combines the exponential map on the manifold with the
covariant derivative of the vector field, and it was introduced by Shub in [24]. Notice
that, as the singularity-finding problem is indeed metric-free (in principle, it only relies on
the differential structure of the manifold), the choice of a particular Riemannian metric
for implementing Newton’s method is a strategy among others. An adequate metric is of
primary importance, not only because of its dramatic consequences for obtaining good basic
estimations, but also for the well-posedness of the method. Let us also observe that the
sequence generated by Newton’s method in a Riemannian manifold may strongly depend
on the metric. This contrasts with the case of R" viewed as an Euclidean space, a case for
which Newton’s iterates never depend on the choice of an inner product.

The choice of Newton’s method is based on the following prominent feature: under mild
nondegeneracy conditions, there exists a non-trivial set of initial points sufficiently close to
the solution so that it converges quadratically to a solution (see [26] for the Riemannian
case). A rather unsatisfying aspect of this qualitative property is that “sufficiently close”
might depend explicitly on the solution which one does not know a priori. However, in many
interesting cases, some quantitative criteria have been provided to verify the proximity of the
starting point to an unknown solution and thus ensure quadratic convergence of Newton’s
method.

The celebrated Kantorovich theorem (see [17] and the references therein) on Newton’s
method in Banach spaces gives the first set of quantitative assumptions ensuring existence
and uniqueness of a solution in a prescribed ball around the starting point together with
quadratic convergence of the method. Kantorovich’s result requires the knowledge of a local
Lipschitz constant for the first derivative of the function that defines the equation to be
solved. In a similar spirit, a local analysis of Newton’s method applied to analytic mappings
led Smale to introduce in [25] the so called a-test, a fundamental proximity criterion in point
estimation theory which uses information about all the derivatives of the data only at the
initial point. On the other hand, in the specific case of minimization problems, Nesterov
and Nemirovskii developed in [19] a proximity test for Newton’s method under the so
called self-concordancy condition on the objective function, establishing a key piece of their
breakthrough in the study of the computational complexity of central path algorithms in
mathematical programming. Together with other facts, these results of Kantorovich, Smale,
and Nesterov and Nemirovskii explain the theoretical significance of Newton’s method as
well as its uncontested success in the construction of efficient algorithms for the iterative
resolution of several classes of nonlinear equations, and particularly in the designing of
polynomial-time algorithms for optimization problems.

Generalizations of Kantorovich’s result and Smale’s a-theorem to Riemannian manifolds
were established by Ferreira and Svaiter in [10] and by Dedieu, Priouret and Malajovich in
[5], respectively. More recently, Jiang, Moore and Ji have announced in [14] the extension
of some fundamental results of self-concordancy theory to the Riemannian setting. The



main motivation for enlarging the usual Euclidean setting to Riemannian manifolds stems
essentially from the necessity of dealing with (equality) nonlinear constraints, especially in
minimization problems; see, for instance, the works by Adler et al. [1], da Cruz Neto et al.
[7], Edelman et al. [9], Helmke and Moore [12], Smith [26] and Udriste [27].

The goal of this paper is to establish a general local convergence result based on the
so called Kantorovich’s majorant principle [15, 16, 17], and show how this permits to re-
cover, sometimes with certain improvements, all the above mentioned results. As developed
here, the striking feature of the majorant method is that the original problem reduces to
the analysis of an appropriate scalar equation together with the corresponding scalar New-
ton iterative scheme, obtaining quantitative conclusions about existence, local uniqueness,
proximity to the solution, and rate of convergence. In [10], a pioneer work concerning these
issues in the context of Riemannian manifolds, Ferreira and Svaiter suppose a Riemannian
version of the standard local Lipschitz condition in Kantorovich’s theorem, and use the
classical quadratic majorant originally introduced by Kantorovich to prove his theorem.
Such a Lispchitz/quadratic framework is too restrictive to cover other interesting results as
those already mentioned by Smale and Nesterov-Nemirovskii.

In this paper we show how some techniques introduced and developed in [10] can be
either adapted or improved to deal with a significantly more general setting. The most
crucial aspect in setting up a unified theorem for the local convergence of Newton’s method
consists in a radial parameterization of a Lipschitz-type continuity condition for the the
first derivatives of X. This technique was originally developed by Zabrejko and Nguen in
[32] (see also [2, 31]) in order to obtain refinements of Kantorovich’s theorem in Banach
spaces. In the same Banach framework, similar ideas were used by Wang and Han in [29]
for Newton’s method (see also [28, 30]), improving as a special case the original Smale a-
theorem. Let us mention that recently Potra showed in [21] that an affine-invariant version
of Kantorovich’s theorem can also be used in analyzing some interior point methods for
linear complementarity problems, but without isolating the role of a majorant function.

The paper is organized as follows. In §2 some basic definitions and results of the theory
of Riemannian manifolds are recalled. In §3 the central result of the paper is stated,
and its proof is given in §4. In §5 it is shown how the classical results of Kantorovich,
Nesterov-Nemirovskii and Smale, as well as some Riemannian counterparts excepting for
Nesterov-Nemirovskii, can be recovered by specialization of our central result. Finally, in
§6 we discuss some variants of these results for vector-valued maps F' : M — R"™.

2 Notation and basic notions of Riemannian geometry

Let us recall some basic definitions and properties of Riemannian geometry. Some general
references on this subject are [8, 18, 20]. Readers who are not familiar with Riemannian
geometry are referred to [9] for a pleasant introduction to some of its main concepts and
their use in optimization.

Distances and norms. Let (M,g) be a connected and finite-dimensional Riemannian



manifold. The space of C! vector fields on M is denoted by x(M). Classically, we denote
by T, M the tangent space to M at p and by |- |, the norm on T,M which is given by
[v|p = v/9(p)(v,v). The Riemannian distance d : M x M — [0, +00) is defined by d(p, q) =
inf{f;\c’(t)\c(t)dt | ¢ : [a,b] — M is piecewise smooth, c(a) = p and ¢(b) = q}. Here,
f; |¢(t)o(rydt is called the length of ¢, and we will write it simply fab |¢| when no confusion
can arise. We shall often identify the curves ¢ : [0,a] — M on M with their graphs, so that
(t,p) € c simply means that ¢ € [0,a] with ¢(t) = p. Let B(po,7) ={p € M | d(p,po) < r}
and B(po,r) = {p € M | d(p,po) < r} be respectively the open and closed balls of center
po and radius 7.

Take p € M and some integer k > 1. If T': T,M ki T,M is a multilinear mapping, its
norm is defined by

I Tllp = sup{|T(ur, -, uk)lp [ wi € Tp M, Juglp < 1}

Covariant derivatives and parallel transport. Denote by V the Riemannian (or Levi-
Civita) connection on (M, g). For each pair of continuously differentiable vector fields X,Y,
the vector field Vy X stands for the covariant derivative of X with respect to Y. Given a
vector field X on M and p € M, define

X'(p)v =V, X(p) = (VyX)(p), veT,M. (2.1)

where Y is any vector field on M satisfying v = Y (p). The map X'(p) : T,M — T,M is
well defined and linear, and we will call it the covariant derivative of X at p.

Let ¢ : [a,b] — M be a smooth curve and V" a vector field along ¢, that is, a differentiable
mapping such that V(t) € T, M for all t € [a,b]. The covariant derivative of V' along c
is denoted by V.V and defines a vector field along c¢. The vector field V is called parallel
along ¢ when V:V = 0; in particular, as V is Riemannian, |V ()| is constant. Given
v € Ty M, there exists a unique vector field V' parallel along ¢ such that V(a) = v, and
the parallel transport of v along ¢ from c(a) to ¢(b) is defined by P.qpv = V(b). The
linear map Pegp @ To(o)M — T M is an isometry. The extension of this definition to a
piecewise smooth curve c is straightforward. It is direct to verify that chal,b = P.p, and
Pc,a,b = Pc,t,b © Pc,a,t'

Recall that a (1,q)-tensor can be viewed as a multilinear® mapping from x(M)? in
X(M). Likewise the tensors can be covariantly derivated (e.g. [20]), if T" is (1, ¢)-tensor its
derivative is a (1,¢ + 1)-tensor denoted 7" which is given by the following formula

5

T'(X1,.., X, X) = [T(Xy,. ., X)) (X) = D T(Xy,..., X[(X),..., Xy),
=1

where the X;’s and X are vector fields on M. As usual higher order derivatives are defined
recursively by ¢+ = [T(®)])' k € N. The parallel transport of vectors can be extended to

The linearity refers here to the structure of C''(M)-module of space of C* vector fields x(M).



tensors as follows. The curve ¢ being chosen as above, take a (1, g)-tensor 7" on T, M, the
parallel transport of T along ¢ from ¢(b) to c(a) is defined by

[Pc,b,aT](ula cee ,Uq) = Pc,b,a[T(Pc,a,bub cee >Pc,a,buq)]>

where u1,...,uy € TeqyM. Notice that if X'(c(b)) € GL(T, M) then Py, X'(c(b)) €
GL(T, M) and moreover

PepaX'(c(0)] ! =P paX (c(b) "t (2.2)

Parallel transportation provides tensors with a fundamental theorem of calculus, namely,

PeroT(c(t)) = T(c(0)) + /0 [Pe,s,0T"(c(s)) é(s)]ds, (2:3)

which reduces to
t
PeoX(c(t)) = X(c(0)) + /0 Pes0X'(c(s)) é(s)ds, (2.4)

if ¢ = 0 (see, for instance, [10]).

Geodesic curves and the exponential map. Recall that a C? curve v is a geodesic if
7 is parallel along «y so that its speed |§(t)|,) is constant. A curve c: [0,a] — M is said to
be piecewise geodesic if there exists a partition 0 =ty < t;... < ty = a of [0,a] such that
the restriction of ¢ to each interval of the form [t;,¢;+1], @ € {0,...,N — 1} is a geodesic
curve.

(From now on, (M,d) is assumed to be a complete metric space. By the Hopf-Rinow
theorem, the latter is equivalent to the geodesic completeness of (M, g), i.e., for any p € M
and v € T, M there exists a unique geodesic v with v(0) = p and 4(0) = v such that ~(t)
is defined for all ¢ € R. In addition, we have that for any p,q € M there exists a geodesic
~ joining p and ¢ whose length is equal to d(p,q). Such a curve in M is referred to as a
minimizing geodesic, joining p and q.

The exponential map at p, exp,, : T,M — M is defined by setting exp, [v] = (1), where
7 : R — M is the geodesic with 7(0) = p and §(0) = v, and exp,[tv] = () for all € R due
to the uniqueness of geodesics under initial conditions. We always have d(p, exp,[v]) < |v]p,
and the equality holds if the geodesic 7 restricted to [0, 1] is minimizing.

3 Riemannian Newton’s method and local convergence

Let X be a C! vector field defined on a connected, complete and finite-dimensional Rie-
mannian manifold (M, g). Consider the following problem:

find p* € M satisfying X (p*) =0 € T)- M. (3.5)

Such a point p* is referred to as a singularity of X.



First, assume that there exists pg € M such that the covariant derivative X' (pg) of X
at po (see (2.1)) is invertible, i.e.,

X'(po) € GL(T,,M). (3.6)
Starting at pg, the Riemannian-Newton (or R-Newton) method associated with (3.5) writes

(N) P = expy,, [~ X (p1) " X (pr)],

where exp,, : T, M — M is the exponential map at p and X'(p) : T,M — T, M is defined by
(2.1). This natural Riemannian version of Newton’s method was introduced by Shub [24]
and it has been considered by several authors [1, 5, 7, 9, 14, 26, 27].

In order to state a general local convergence result for R-Newton’s method, we will
assume a Lipschitz-type continuity of X’ on a neighborhood of pg, based on the following
definition.

Definition 3.1 Let Ga(po,r) be the class of all the piecewise geodesic curves c: [0,T] — M
which satisfy the following conditions:

(a) ¢(0) = po and the length of c is no greater than r.

(b) There exists T € (0,T] such that Clo.. 18 @ minimizing geodesic and ¢, is a
geodesic.

Now, we suppose that for some R > 0 there exists a continuous and nondecreasing
function ¢ : [0, R] — [0,400) satisfying the following property: for every r € [0, R] and
cEc g2 (pOu T)7

b
1X" (p0) ™ [Pep,0 X" (c(b)) = Pe,a0X(¢(@))]llpg < 4(7“)/ lél, 0<a<b, (3.7)

The function ¢(r) is a radial parameterization of a Lipschitz-type continuity condition for
X' around py. Without loss of generality we may assume that £(r) > 0 for all » € (0, R].

Remark 3.1 Under appropriate regularity conditions on the vector field, (3.7) always holds
on a neighborhood of pg. For instance, if we assume that X is of class C? then we may
take £(r) := SUD ey (po.r) LK (P0) T [Pe,0 X" (c(t)]l]po }- In fact, it is straightforward to see
that (2.3) implies that if we take £ = £ then (3.7) holds. Of course, the exact computation
of such a parameterized supremum is in general a very difficult problem. However, if i<t
for some nondecreasing function ¢ : [0, R] — [0, +-00) then we can replace £ with ¢ and (3.7)
still holds. This means that in practical estimations, we do not need to solve the previous
supremum problem, but to obtain upper bounds on its value for every r € [0, R]. This is still
very difficult for a generic vector field. The goal is then to identify general classes of vector
fields for which it is possible to obtain those type of estimates. We will give examples of such
general classes in Section 5, unifying in this way a variety of important local convergence
results.



Remark 3.2 Condition (3.7) is an affine-invariant Riemannian analogue of the property
used by Zabrejko and Nguen in [32] (see also [2, 31]) to prove a local convergence result
for Newton’s method in Banach spaces, based on the majorant principle introduced and
developed by Kantorovich [15, 16] (see also [17] for a very good exposition). Here, affine-
invariance means that the inverse of X’(pg) is incorporated in the operator distance between
derivatives of X, an idea that has been already used in the Euclidean and Banach contexts
(see, for instance, [4, 6, 21, 30]).

Following the idea of [32], let us introduce the real function ¢ : [0, R] — R defined by

¢ (r) =4L(r), Vr € (0, R),

¢'(0) = 1,
¢(0) = 3,
where 3 > 0 is supposed to satisfy
B> X" (po) " X (po)lpo- (3.8)
It is easy to see that
p(ry=0—-r+ /OT(r — s)l(s)ds, (3.9)

so that

'(r)y=-1 TE ds,
¢'(r) +/0 (s)ds
for all r € [0, R].

Remark 3.3 The function ¢ is referred to as a majorant function for X. As we will prove
in Lemma 4.2 below, a fundamental property of ¢ is the following: if (3.7) holds then

1" (p0) ™ [Pep 0 X' (c(b)) = Peao X' (c(@)]llpo < &'(Jfy 1)) = &' (Jy 1€, (3.10)
for every ¢ € Ga(pg, R) and any 0 < a < b < T.
Next, assume that
the function ¢ given by (3.9) has a unique zero r* in [0, R] with ¢(R) < 0. (3.11)

Since r* > (8, we may suppose that r* > 0, otherwise pg is a singularity of X and there is
nothing to do. Notice that one might have r* = R. Consider the following scalar Newton
iterative scheme:

To = 0,
{ rert = i — & (re) " 10(r)- (3.12)

Under (3.11) it is elementary to establish the following result (see, for instance, [32, Propo-
sition 3] or Lemma 4.1(i)-(ii) below).



Lemma 3.1 Under (3.11), the scalar sequence {ry} generated by (3.12) is well defined with
¢'(r) <0 for all k € N, hence monotonically increasing, and converges towards r*.

The central result of this paper may be now stated as follows:

Theorem 3.1 Suppose (3.6) and (3.7). Let B satisfy (3.8) and assume (3.11). Then we
have the following results:

(i) The vector field X admits a unique singularity p* in B(pg, R) which belongs to B(pg, ™).
If ¢'(r*) < 0 then X'(p*) € GL(T,<M).

(i) The sequence {py} defined by (N') is well defined, that is, X'(px) € GL(Tp, M) for every
ke N.

(iii) For every k € N, py, belongs to B(pg,r)) and the following estimate holds

d(Prs1.08) < 1X (k) ' X (01 pp < Tht1 — Ths (3.13)

where {ri} is given by (3.12). As a consequence, py converges to p* as k — 400, and

moreover, for every k € N,
d(p*,pr) <7 =1y (3.14)

(iv) For every k € N,

| X (1) " X (041 lpi 1 < <|X/(pk)1X(pk)|Pk)2 (3.15)
Tk42 — Tkl N Tk+1 — Tk
Consequently, for all k > ko > 0,
X' (pry) 1X 2hto
) < g () E Pl ) (316)
Tko+1 — Tko
(v) Setting
1—+v1-—-2\
g=—""—""2C¢(0,1] (3.17)
14+ v1—=2X
for
*2//*2_2*//*/* 1
A: r ¢ (T ) r ¢ (T )¢ (T ) E (07 _:I’ (318)

Q[T*gb”(r*) _ ¢/(T*)]2 2

then for all k € N, rip, > r*(1— q2k*1)(1 —qQk)*1 ifg<1,andry >r*(1-27%)ifg=1. In
particular, if X < 1/2 then for every k € N,

1—q or

* *
T —’I”k<7‘
1 q2k

(3.19)

Remark 3.4 Theorem 3.1 remains valid for a C! vector field X : Q ¢ M — TM which is
defined only on an open subset Q of M, provided that B(pg, R) C Q.



Remark 3.5 The continuity of ¢ is a simplifying assumption that holds in several inter-
esting cases (see, for instance, the special cases in Section 5). Nevertheless, such property
is not necessary at all for Theorem 3.1. Indeed, without the continuity of ¢, the majorant
function ¢ given by (3.9) is still well defined and continuously differentiable; moreover, ¢’ is
increasing and left-differentiable everywhere on (0, R]. The statement and proof of Theorem
3.1 are essentially the same when ¢ is not supposed to be continuous; Theorem 3.1(v) is still
valid by replacing ¢” with the left-derivative of ¢'.

Remark 3.6 By (3.14) together with Lemma 4.1(iii) below, we have in particular that
d(p*,po) < r* < 2(. Since 19 = 0 and m = 3, then the second estimation in (3.13) is an
equality for k = 0, and we have d(p*,p1) < r* — 3 < (. If the second inequality in (3.13) is
strict for some ko > 1, then (3.16) gives an a posteriori correction improving, for all k& > ko,
the a priori estimate (3.14).

Remark 3.7 In (v), when r* = R then ¢’ (r*) stands the left-derivative of ¢’ at R. On
the other hand, notice that by Lemma 3.1, ¢/(r*) < 0. It is easy to see that A = 1/2 iff
#'(r*) = 0, which gives the linear rate of convergence d(p*,p;) < r*27%, Yk > 0. Otherwise,
we obtain the quadratic rate of convergence given by (3.19). As we will see in the proof,
these are worst-case estimates based on a quadratic approximation of the majorant function
¢ (see (4.26)). Sharper estimates may be obtained by a direct analysis of Newton’s method
applied to ¢. We will return to this point in the special cases treated in Section 5.

The next section is devoted to the proof of Theorem 3.1.

4 Proof of Theorem 3.1

The proof of Theorem 3.1 is divided into three parts, namely the existence and the conver-
gence of Newton’s sequence, the local uniqueness of the singularity, and the estimates.

4.1 Existence and convergence
4.1.1 Preliminary results

From now on, we assume that the hypotheses of Theorem 3.1 hold, with ¢(r) > 0 for all
r € (0, R]. We first need to establish a few properties of the function ¢ to enlighten its links
with Newton’s method in X. This is precisely the purpose of the following lemmas.

Lemma 4.1 Let ¢ be the function given by (3.9). Then:

(i) ¢ is strictly convex hence ¢' is increasing on [0, R], and ¢'(r) <0 for all r € [0,7*).

(i) If r € [0,7*) and rT =71 — ¢'(r) "L o(r) then r+ € (r,7*).

(iii) For everyr € [0,R], B —1r < ¢(r) < B+ 1r(¢'(r) —1)/2. Consequently, 5 < r* < 203.
(iv) For each a € (0,R), the function @q(r) = ¢'(r +a) — ¢'(r) = f:+a U(s)ds > 0 is
nondecreasing on [0, R — a].



Proof. (i) The strict convexity of ¢ on [0, R] follows directly from ¢"(r) = £(r) > 0 for
€ (0, R). Next, assume that ¢'(7) = 0 for some 7 € [0,7*). By convexity, 7 is a minimum

for ¢ on [0, R], hence 0 < ¢(7) < ¢(R) < 0. Therefore, 7 is a zero of ¢, which contradicts

the uniqueness of r*. Since ¢'(0) = —1, this proves ¢’ < 0 on [0, r*).

(i) By (i), r* > r. On the other hand, since ¢ is strictly convex, we have that ¢(r) +

&' (r)(r* —r) < ¢(r*) = 0, which amounts to r* < r*.

(iii) Of course, ¢(r) > B — r. On the other hand, as ¢'(r) = —1 + fo ds we have that

20(r) = 2B+r(¢/ (r)—1)4w(r) for w(r) = [ (r—2s)¢(s)ds. But w'( fo )]ds <0,

hence w(r) < w(0 ) = 0 and thus 2¢(r) < 28+ r(¢'(r) — 1). Slnce ¢ (r*) § 0 by (i), w

deduce that § —7* <0< g —r*/2.

(iv) This follows directly from ¢/, (r) = £(r +a) — £(r) > 0. O

The first part of the next result extends [32, Proposition 1] to our Riemannian setting.

Lemma 4.2 If ¢ € Ga(po, R) then for any a < b we have that (3.10) holds. As a conse-
quence, if qb/(fot |¢]) < 0 then X'(c(t)) € GL(TewyM) and moreover

I[Pe,e.0 X" (e(6) ™M1 X (p0)llpy < —¢'(Jo 1¢)~ (4.20)

Proof. Set Ay = X' (po) L [Pep0X(c(b) — PeaoX'(c(@)]llp,- Given N € N with N > 1,
define ¢; = a + (b — a) and y; = c(t;) for all i € {0,...,N}. By (3.7), we have

N-1 . N— tz+1 tit1
Ao < ) 11X (p0) " Pertigr 0X Wit1) = Pe 0X (W) llpo < Z / : / |¢].
=0 i=0 ti
Letting N — oo, we obtain Ay < ffﬁ(fOT le|)|eldr = fr(( )) 0(s)ds with r(t fo |¢|, which

proves (3.10).

Taking a = 0 and b = ¢, (3.10) yields || X" (po) " Per0X"(c(t))—1I|lpy < ¢'(Jy [¢])+1, where
I: T, M — T,,M is the identity mapping. If ¢'( fg |¢]) < 0 then this estimate is strictly
lower than 1 and so X'(pg) 'Pc0X’(c(t)) is invertible. Therefore X'(c(t)) € GL(T)M)

and moreover [|[X'(po) " Pet0X (c(t)] Hpy < 1/(—gb’(f(;5 |¢])) which amounts to (4.20). O

The following result about several fundamental properties of Newton’s iteration is a
generalization of [10, Lemma 3.7], where it is treated the case of a quadratic majorant
function under a stronger local Lipschitz condition on the covariant derivative of X.

Lemma 4.3 Given r € [0,7*) and p € B(po,r) such that | X'(p) ' X (p)|, < —¢'(r) " 1o(r),
set 7&((9)]: r—0¢'(r)"tp(r) and v(0) = exp,[—0X'(p) ' X (p)] for 6 € [0,1]. Then for every
€ s
(i) 7(6) € (r,7*) and 4(9) € B(po, 7(0)),
(i) X'((0)) € GL( 0M),
(i) |X'(7(8) "' X (+(0 ))\ 2oy < —¢'(7(0)) 1o (7(0)).
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Proof. (i) Fix 6 € (0,1]. By Lemma 4.1(i)-(ii), » = 7(0) < 7(8) < 7(1) = rT < r*.
On the other hand, as v is the geodesic with v(0) = p and §(0) = —X'(p)~'X(p),
we have d(1(6).p) < BLX(2)"1X(p)y and d2(6).p0) < BX'(p) X (p)} + dlpipo) <
—0¢'(r)~Lé(r) + r = 7(#), which proves v(6) € B(po, 7(0)).

In order to prove (ii), let us denote by ¢ : [0, 2] — M the curve obtained by concatenation
of a minimizing geodesic joining py and p, defined on [0, 1], and ~. This is a piecewise
geodesic curve with ¢(0) = po, ¢(1 + 60) = v(0) for all § € [0, 1], whose length is lower than
r* by (i). To establish the invertibility of X’(v(0)), let us estimate the following norm

1 X" (p) " Py,0,0X" (7(0)) — Iy prllp
= | X"(p) "t Peo1 X' (p0) X' (po) ' Pe1,0[Py.0,0X (7(8)) — X' (0)]l,
<[Pe1,0X ()X (00) llpo 1 X" (P0) " [Pe,146,0X " (c(1 + 0)) — Pe1,0X" (9)]lpo -

By Lemma 4.2 and the monotonicity of ¢', it ensues that

IPe,10X" ()~ 1X (90) Iy < —¢'(d(po,p) ™" < =¢/(r) 7",

and
1X"(p0) " Pe,10,0X" (c(1 4 8)) = Pe1 0 X' (0)]llpo < ¢'(7(0)) — ¢/ (7).

Consequently, || X'(p) 'Py.0,0X (v(0)) — Iryumllpy <1 —¢'(r)"1¢/(7(0)) < 1. It follows that
X'(v(0)) is invertible with in addition

[P+,0,0X (1(0)) X' )lp < ¢'(7(6) 71/ (7). (4.21)
Let us deal with (iii). Recalling (2.3), we notice that
X7 (7(0) X ((0) o) = | X7 (7(0)) 1Py 0,6l X (D) + fy P 0 X (1(5))(5)ds] | 0)-

Since ¥ is parallel along 7, ¥(s) = —Py 0, sX'(p) "' X (p). Setting © = |X'(7(0)) ' X (7(6))]+(s),
it follows

O =[X'(0) " PyoslX () — [y ms,oX ))]X’(p)_lX(p)dS]Hw)
Z\X’(V(9))_1P%o,o[(1 9)X )+ Jo [X'(0) = Py s 0 X' (4())] X" ()71 X (p)ds]|0)

Therefore

X' (7(0)) " X (7(0))|y0) < (1= 0)| X" ((8)) " Py.0,6X ()]0 + R(6)
with ;
R(0) = |X'(’Y(9))_1P%o,e/0 [X'(p) = Py 50X (7())] X" ()" X (p)ds]0)

By (4.21), this proves that

X' (7(0)) T X (7(0) |46y < —(1 = )¢ (7(6)) " 6(r) + R(D). (4.22)

11



Let us estimate R(#). Since, by Lemma 4.2 and recalling that ¢’ is increasing, we have
I[Pasr00X'(18) X (o)l < —/(7(6)) 2, it follows that

R(6)

IN

[4
—¢>/(T(9))1\X/(po)1Pc,1,o/0 [X'(p) = Pys0X' (v()IX () ™' X (p)dls] g
0
< —¢/(T(9))1/0 1X" (p0) ™' Pe,1,0X" (D) = Pe5,0X " (e(1 + 8))llpods| X (p) " X ()

0
< ¢’(T(9))_1¢'(T)_1¢(7”)/0 1X" (p0) " [Pe,1,0X" (P) = Pe,145,0X (c(1 + 5))]llpo ds.

Again, Lemma 4.2 yields

R@%«Md@)%«m1améaﬁ@AHﬂm—¢([wﬂda

hence with lemma 4.1(iv)

0
R() s¢%@V¢@*WﬁM¢%—W%mew—wwﬂ
= S 0) [ (0) — (1— 0)6(r).
It follows from (4.22) that [X'(v(0)) "' X (¥(0))|,@) < —¢'(7(0)) "¢ (7(0)), which achieves
the proof. O

4.1.2 Proof of (i)-(iii): existence and convergence

Let us first prove by induction that, for all k& > 0, px € B(po, %) and X'(p) is invertible
with | X' (pe) ' X (pr)lp, < rk+1 — 76- The case where k = 0 follows from the assumptions
of Theorem 3.1. Let & > 1 and assume that the result holds for all ¢ € {0,...,k —1}. We
have

k—1 k—1
d(pe,po) <D d(pir1,pi) < 31X (0) 7 X (pi)lp, < Ty
i=0 i=0

and since | X' (pr—1) "' X (Pr-1)lpp_, < Tk —7k—1, Lemma 4.3 (for § = 1) yields the conclusion.
The estimate (3.13) follows immediately. Since {7} converges to r* by Lemma 3.1, we
deduce that {py} is a Cauchy sequence in the complete manifold (M, d), hence it has a limit
p*, which is a singularity of X. Indeed, we have that | X (px)|p, < | X’ (&) |lp (Tk+1 —7%) and
letting k& — oo we obtain X (p*) = 0. The estimate (3.14) and the fact that p* € B(po,7*)
are elementary consequences of (3.13). If ¢'(r*) < 0 then, by Lemma 4.2, we deduce that
X'(p*) is invertible.

4.2 Uniqueness

We have proved that {px} is well defined and convergent towards a singularity p* of X.
Next, we extend to our more general setting the proof of the local uniqueness of p* that is
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given in [10, §3.2] for the special case of the Riemannian Kantorovich theorem. It is worth
pointing out that this extension is only technical; the key arguments are the same of [10].
4.2.1 Auxiliary results
The following two results extend [10, Lemma 3.8] and [10, Corollary 3.9] to our framework.
Lemma 4.4 Let 0 <r < r* and g € B(po,r) be such that | X'(q) 1 X (q)|; < —¢'(r)"1eé(r).
Suppose that ¢* € B(pg,r*) satisfies X (q*) = 0 and r + d(q,q*) = v*. Then d(po,q) = .
Furthermore, defining r* =r — ¢'(r)"1¢(r) and ¢* = exp,[—X'(q) " X (q)], we have

T+ d(gT,q") ="

Proof. Let v :[0,1] — M be a minimizing geodesic joining ¢ and ¢*. We denote v = 4(0),
which satisfies |v], = d(q,¢*). Thus d(q,q*) < [X"(¢)'X(q) + vy + |X'(¢) ' X(9)ly <
1X'(q) 71X (q) +v|g — ¢'(r)"p(r). On the other hand, since X(g*) = 0, by (2.4) we have
X(q) =— fol Py 50X’ (7(s))vds. Here we have used that ¥(s) = P, sv. Therefore

1
X)X (@) + 1l = 1X@)7 [ Prao X 0() = X (@)l

Let denote by ¢ : [0,2] — M the concatenation of 4, a minimizing geodesic joining py and
q, with v. We have

1 X" (q) "' X (q) + vl 1
< |[[P5,1,0X" () 71X (P0) llpo | X' (P0) ™" Py,1.0 Jy [Pr.s.0X " (v(s)) — X' (q)]vds|p,
< [Pe,1,0X" (@)X (00)llpo Sy 11X (00) " [Peyi45,0X"(c(5)) = Pe1,0X"(q)]llpo [v]gds.

It follows from Lemma 4.2 that
1X"(q) " X (q) +v|g < —¢'(d(po, )" Jy [¢(d(po, q) + s|v]g) — ¢ (d(po, ))][v]yds.
As d(po,q) < r, Lemma 4.1 yields ¢'(d(po,q)) < ¢'(r) < 0 and @, (d(po,q)) < @a,(r) for

as = s|v|q, hence

1
X' (@) X (q) +vlg < =¢/(r) 7! /0 (' (r + slvlq) — ¢/ (r)[vlgds = [vlg + ¢'(r) ' o(r),

where we have used that r + |v|, = r* which implies ¢(r + |v];) = 0. But we have seen
that |v], < |X'(q)"1X(q) + v|; — ¢'(r)"té(r). This proves that all these inequalities are
equalities. In particular, as |v|, # 0, it follows that

¢'(d(po,q)) = ¢'(r), (4.23)
X' (@)™ X (q) +vlg = vlg = 1X'(0) 7 X (@)lg, (4.24)
X" (0) "' X (q)lq = —¢'(r) " (7). (4.25)
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By the injectivity of ¢/ on [0,7*) (cf. Lemma 4.1), it follows from (4.23) that d(pg,q) = 7.

From (4.24), we deduce that X'(q)"'X(q¢) = —Av for some 0 < A < 1. Thus ¢© =
equ[/\v] = v(\), therefore d(q,q") = \X’(q)_lX(q)|q and d(q*,q*) = d(q,q*) — d(q,q") =
r* —r —1X"(¢)"'X(q)|q = * — r*, where we have used (4.25). O

Lemma 4.5 Let ¢* € B(po,r*) with X(q*) = 0. If there exist 7, such that 0 < 7 < r*,
q € B(po,7), 1X'(q)7'X(Q)g < —¢'(F) "' (7), 7+ d(q,q*) = r*, then d(po,q*) = r*.

Proof. Let {7} and {qi} be defined by 70 = 7, 7e11 = 7 — ¢ (1) 1 o(7%) and qo = q,
Gk = expg, [—X'(qr) 1 X (qi)] respectively. As for {r;} and {py}, it is possible to prove
that 75, is increasing and tends to r*, gz converges to some ¢* € B(pg,r*), and for all k,
| X" (qr) 1 X (q) g < =& (%) "Lop(7k). Moreover, by Lemma 4.4, we know that for all k,
T + d(qr, ¢*) = r* and d(po, qr) = 7%. Combining all these informations leads to ¢* = ¢*
and so d(po,q*) =r*. O

4.2.2 Proof of the uniqueness of the singularity

Let us now prove the uniqueness of p* in the ball B(pg, R). We begin by establishing the
uniqueness of the singularity in B(pg,r*). Let ¢* € B(po,r*) be such that X(¢*) = 0. In
order to prove that necessarily ¢* = p* we consider two cases.

Case 1 If d(pg, q¢*) < r*, we show by induction that for all k, d(pg,q*) + rr < r*. Indeed,
the initialization just needs rg = 0. If the property is true for a fixed k, we set y(0) =
exppk[—ﬂX’(pk)_lX(pk.)] and ¥ (0) = d(~(0), ¢*)+r+0(rps1—7rr). We know that (0) < r*.
If there exists 0 such that @b(é) = r*, then Lemma 4.3 ensures that Lemma 4.5 applies with
F=ry—0¢ (r) " Lo(ry) and § = v(A). But its conclusion contradicts d(pg, ¢*) < r*. Thus,
by continuity of ¢, one has ¥(1) < r*, that is d(pg+1,q") + 7641 < 77

Case 2 If d(pg, ¢*) = r*, then, arguing by induction, Lemmas 4.3 and 4.4 show that for all
k, d(pr,q*) +ri =17

Therefore in any case, the following inequality holds
d(pr,q*) +rp <r*,Vk > 0.

Since 1, — r* and pp — p*, we have ¢* = p*. In other words, p* is the unique singularity
of X on B(pg,r*).

The proof is complete if R = r*. Otherwise, ¢(R) < 0 and we take ¢* € B(pg, R),
a singularity of X, i.e. X(¢*) = 0. Denote by v : [0,1] — M a minimizing geodesic
joining po to ¢*, and v = 4(0). Since Py 10X (¢*) = 0, we have |X’(po) "' X (po) + vlp, =
| X" (po) M [Py.1,0X (¢*) — X (po) — X' (po)v]|py- The left hand side term is greater than |v],, —
#(0), and the right one is smaller than ¢(|v|p,) — @(0) + |v]p,. So ¢(|v]p,) > 0. As |v|p, < R,

necessarily |v|,, < r*. This means ¢* € B(po,r*) and then ¢* = p*.
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4.3 Estimates
4.3.1 Proof of (iv)

The estimates in Theorem 3.1(iv) can be obtained by a simple adaptation of some arguments
of [30]. First, given k£ > 0, notice that similar computations to those in the proof of Lemma
4.3 yield

1
X (00) ™ Pan 0 X (01 o < 1" (0)™ X (1) e /0 6/ lel) — @' eD)ld

where ¢ : [0,2] — M is the concatenation of a minimizing geodesm curve joining po to pg
with y(t) = exppk[—tX’(pk)*lX(pk)], t € [0,1]. Therefore fo || = d(pk,po) and fo +t| | =
d(pk, po) + By for By = | X' (pk) ™" X (pk)|p, - Hence

1
1 X (p0) M PeooX (pk)|py < 5k/ [¢' (d(pr>po) + tBk) — ¢’ (d(pr—1,p0))] dt
tﬂk

< / / d(pk,po) + 1) dr Bydt

= E(d(pk,po)+7“)(5k—7“) dr.

Next following the proof of [30, Proposition 3.2], let us consider the auxiliary function
fo (a+r)(s—r)dr for s € [0, R—a]. It is direct to verify that 1, is nondecreasing.
Slnce ﬁk S rre1 — r and d(pg, po) < rg by (3.13), we deduce that

1 X" (90) ™ Pe2,0X (08)lpo < B’ Wy po) Tt — k) < Bi*tory (Tes1 — 1)

But

Th41 Tk+1
Sris) = Bt [ ) na = 9)ds= [ Us)run - 5)ds
0 Tk
Tk+1—Tk 9
= / Uy +7)(Thgr — 1 — r)dr = (Y1 — 78)“Ur, (Thy1 — T)-
0
Thus

1 X (p0) " Pe2,0X (Pkt1)lpo < 0(rhs1) (Be/ (risr — 71))°-
Finally, by Lemma 4.2 we obtain

1Pe.2.0X" (Prs1) ™ 1X" (20) 1o X' (P0) ™ Pe2.0X (Dret1) o
—¢'(d(pr, o) + Br) " D) (Br/ (Trs1 — 7x))
— ¢ (Teg1) " D(ras1) B/ (g1 — 7)),

which proves (3.15). This implies for all & > ky > 0 and n > 0, d(Pkt+n+1,Pkin) <

X! Dhtn) " X Ot |prsn < Chrntt = Tetn) Bro/ Prot1 — ko)) 2
we obtain (3.16).

|X/(pk+1)71X(pk+l) |pk+1

IAN A IA

. Summing for all n > 0,
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4.4 Proof of (v)

Let us proceed with the proof of the last part of Theorem 3.1. Define @ : [0, R] — R as the
following quadratic polynomial function

Qr) = ¢'(r")(r — ") + 5¢" (") (r —1)?, (4.26)

whose smallest root is 7* (recall that ¢”(r*) = £(r*) > 0 and ¢'(r*) < 0). Newton’s method
for solving the equation Q(r) = 0, starting at pg := 0, generates the sequence

P = pk — Q' (k) ' Q(pr)- (4.27)

It is easy to verify that {px} is well defined, monotonically increasing and convergent to r*.
Furthermore, it is well known that in this case the solution of (4.27) has the closed form

A==t if qe(0,1),
Pk (1 —27%) if g=1,
where ¢ is given by (3.17); see, for instance, [11, 22, 30, 32]. Therefore, Theorem 3.1(vi) is

a direct consequence of the following result.

Lemma 4.6 Let {r;} and {py} be respectively defined by (3.12) and (4.27). Then for every
k>0, > p.

Proof. We argue by induction. The property is immediate for k£ = 0 because ro = pg = 0.
Now, assume that ry > py for some k& > 0. By using (4.27) one has

Tk+l — Pk+1 = Tht+l — Tk: + Pk — Pr+1+ Tk — Pk

= =& () "o(re) + Q' (pr) "' Qok) + T — P
= Q' (pr) ' [Qox) + Q' (pr) (. — pr)] — &' (ri) ' B(r).-

By convexity, Q(px) + Q'(px)(rk — pr) < Q(rx), and Q'(px) < Q'(rx) because py < 1y <17
Since @' is negative on [0,7*], we deduce that

et — pe1 > Q'(rk) ' Qre) — ¢ (rk) T (rk).
As ¢” = £ is nondecreasing on [0, R], the function ¢’ is convex and thus

/ ot Y (re) + 4 (r )(

5 T —rE).

It ensues that 1

=¢/ (k) () Z S (" =) [L+ ¢ () 1 (7)),
On the other hand, a straightforward computation gives Q'(ry) ~'Q(ry) = $(r* — ry)[-1 —
Q'(rr)"1¢' (r*).] By convexity of ¢/, we have Q' (1) = ¢'(r*) +¢" (r*)(ri, — r*) < ¢' (1) < 0.
As ¢'(r*) <0, we get

Q) QUre) = —5 (" — )L+ ¢/ () ()]
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Therefore, we obtain

That — Pyt = Q' (rk) ' Q(r) — ¢/ (ri) () > 0,

which proves the result. O

5 Special cases

5.1 Riemannian Kantorovich’s theorem

The well known Kantorovich’s theorem for Newton’s method in Banach spaces [17] gives
a criterion for (quadratic) convergence which is verifiable at the starting point provided a
local Lipschitz constant is known. An extension of that version of Kantorovich’s theorem to
finite-dimensional and complete Riemannian manifolds has been obtained by Ferreira and
Svaiter in [10]. We will see that the latter can be viewed as a special case of Theorem 3.1.
To this end, let us introduce the following definition of Lipschitz continuity for tensors (for
a related notion see [10, Definition 2.2]).

Definition 5.1 A (1,k)-tensor T on M is said to be L-Lipschitz continuous on a subset S
of M, if for all geodesic curve «y : [0,1] — M with endpoints in S, we have

1
[Py, 10T (7(1)) = T((0))ll0) < L/O [91-

Theorem 5.1 (R-Kantorovich’s theorem) Givenpy € M such that X' (po) € GL(Tp, M),
set a = || X" (po) " lp, and B> | X" (po) " X (po)|p,- Assume that 2a3L < 1 for a constant L
such that X' is L-Lipschitz continuous on the closed ball B(pg, Rg) for some Rg > r* where

., 1—T=2a3L

"= alL

Then the sequence {py} generated by Newton’s method starting at py is well defined and
convergent to a singularity p* of X.

If 2a3L = 1, i.e. v* =283, then p* is the unique singularity of X in B(po,203).

If2aBL < 1 then X'(p*) € GL(T,» M) and p* is the unique singularity of X in B(po, R)
for any R € [r*, Ry] such that R < Hivtzm

In any case d(p*,po) < r* < 28, and for all k € N, one has d(p*,px) < r* —rp =

*ll_;qgkqQkfl, where q is given by (3.17) for A = afL, and {ry} is the sequence generated
by Newton’s method, starting at ro = 0, applied to the scalar function

r

p(r) =8 -1+ %r? (5.28)
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Proof. Assume without loss of generality that § > 0. Take ¢ € Ga(po,r). Take (¢,y) and
(t',y') in ¢ with ¢ <. We have

12X (20) ™ oo IPeir s X' (') — X' ()l

t/
< arf I
t

where we have used the isometry property of the parallel transport and Definition 5.1. Define
l(r) = aL, if r € [0, R], and let us verify that ¢ := ¢, complies with the requirements of
Theorem 3.1. Indeed, in this case ¢ is given by (5.28) and we have that ¢(R) < 0. The
roots of ¢ are r = &7%2‘1@ We have r~ < 20 < aLL < r* with equality iff 2a3L = 1.

1X (p0) ™ [P0 X (') = Peto X' ()] l1po

IN

In any case, r* = r~ is the unique root of ¢ on [0, R], with ¢'(r*) = —1 4 aLr*, which is
negative when 2a3L < 1. Finally, straightforward computations in (3.18) yield A = afL.
The result follows thus by a direct application of Theorem 3.1. O

5.2 An Euclidean case: Nesterov-Nemirovskii self-concordancy

In their pioneering work [19], Nesterov and Nemirovskii developed a general theory of the
computational complexity of interior-point methods for convex optimization, based on the
notion of self-concordant functions. See [23] for a simplified yet comprehensive presentation
of this theory. Inspired by the analysis in [4], we next show that Theorem 3.1 yields a local
convergence result of Newton’s method for the minimization of self-concordant functions
which is a slight variant of a key result in [19].

Suppose that M = R"™ with the usual identification T, R™ = R™. Let us denote by (-, -)
the Euclidean product in R™. Recall that a convex function f € C3(€;R) defined on an
nonempty, open and convex set {2 C R" is said to be a-self-concordant for a > 0 if

Vo € Q, Yh e R™, | " (x)[h, b, h)| < 2a72(f" (2)[h, h])*/2. (5.29)

From now on, following [19], we assume that f : @ — R is a strong, non-degenerate and
a-self-concordant function, i.e.,

1. f(yx) — oo whenever {y;} converges to a point in the boundary 0f.
2. H, := f"(x) is positive definite for all 2 € Q.
3. f satisfies (5.29).

In particular, f is strictly convex on 2 and z* € 2 is the unique minimizer of f on 2 iff
f'(z*) = 0. Now, set
(h1,ho), = a™" f"(2)[hn, ha)

|hlm, =/ (h, h) i, -

and
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The Dikin ellipsoid of center x € 2 and radius r > 0 is defined by
Dy(x) ={y e R" | |y — 2|m, <7}

It corresponds to the closed ball of center z and radius r when R" is endowed with the
metric structure induced by the scalar product (-,-)m,. By [19, Theorem 1.1.1] (see also
[23, Theorem 2.5.18]), if r < 1 then D,(x) C Q and for any y € D,(z) we have

1
Lemma 5.1 Fiz zyp € Q and let R"™ be endowed with the metric structure induced by

(s )H,,- Then for any R € (0,1), X = f satisfies (3.7) with £ : [0,R] — [0,+00) be-
ing given by

Proof. Tt suffices to show that ||f”(:z:o)_lf”’(y)HHIO < {(r) forr € [0,R] and y € B(wg,r) =
D, (xg) (see Remark 3.1). Using the notation (f"”'(y)hiha, hs) = " (y)[h1, he, hs], by defi-
nition we have

1" (o)~ f" W lar,, = sup{|f" (o)~ f"(y)hihalm,, | [hilm,, < 1.i=1,2}
= sup{(f" (x0) "' f"(y)haha, h3)m,, | |Pilm,, < 1,1=1,2,3}
= a~ sup{ " (y)[h1, ha, hs) | |hilm,, < 1,0 =1,2,3}.

On the other hand, by a general lemma on symmetric trilinear forms [19, Proposition
8.1.1] (see [13] for an alternative proof of that lemma), it follows from the self-concordance
property (5.29) that f"”(y)[h1, ho, h3] < 2alh1|m, |h2|m,|hs]H, . Hence,

1" (o)~ " (W)l #z,y < 25up {|alm, holm, |hslm, | 1hilm,, <1,i=1,2,3} < A=

where in the last inequality we have used (5.30). This proves our claim. O

Theorem 5.2 (Self-concordant minimization) Letxy € Q and > \f”(:z:o)_lf’(:z:o)|Hzo.
If B < (vV2—-1)2 =3 —2V2 ~ 0.17157 then f admits a unique minimizer x* which

belongs to Dy« (xq) for
1
r*:Z[ﬂ—i-l—\/ﬂQ—Gﬂ—Fl],

and in particular |z* — $0|Hzo < r* < 28. The sequence generated by Newton’s method
Tpy1 = o — f(xp) "L f (z) starting at zo is well defined, contained in D, (x¢) and con-
vergent to z*.

For all k > 0, |z* — zg|m,, < r* —ry where {ry} is the sequence generated by Newton’s
method, starting at ro = 0, applied to the scalar function

o(r) =B —2r + 1% (5.31)

19



The sequence {ry} converges to r* which is the smallest zero of ¢ in [0,1). Furthermore,
1 21

e e

1—v2-1p

I TR/ NS O BVl o
R/ M S Ny

Proof. Motivated by Lemma 5.1, consider ¢(r) = 2/(1 — )3, r € [0, R] for some R < 1.
A direct computation shows that the corresponding function ¢ defined by (3.9) is given by
(5.31). Finding a zero of this function amounts to solving 272 — (8 + 1)r + 8 = 0. This
equation has a real root iff A := 3% =68+ 1 = (8 — 3 + 2v2)(8 — 3 — 2v/2) > 0, which is
the case because 3 < (v2 — 1)2 = 3 — 2y/2. The roots are then r* = 1+5+ \/Z]/ZL, and
we choose 7* = r~, the smallest one. When (3 > 0 (otherwise xg is the solution), it is clear
that r* > 0. Furthermore, it is direct to verify that r* < 1 —1/v/2 and ¢(1 — 1/v/2) <0
with equalities iff 3 = (v/2 — 1)2. Hence, it is possible to choose R € [r*,1 — 1/4/2] such
that the assumptions of Theorem 3.1 hold.

Notice that, as ¢/(r) = —(1—4r+2r2)/(r—1)2, we have that ¢/(r*) < 0if r* < 1—1/V/2,
which amounts to 3 < (v/2—1)? and A > 0, hence v < 1 and we can ensure that quadratic
convergence occurs in that case.

This completes the proof because, in R" viewed as an Euclidean space, Newton’s iterates
does not depend on the choice of the inner product. O

Ty = *, (5.32)

where

Remark 5.1 The closed form (5.32) for rj is given in [30], where a majorant function
analogue to (5.31) is used to improve the original a-theorem of Smale. See also Theorem
5.3 below.

Remark 5.2 The convergence test provided by the constant § in Theorem 5.2 is not op-
timal: it can be refined by using the fact that Vf is not only a vector field but also a
gradient, see for instance [19, 23]. On the other hand it is worthwhile to note that the rate
of convergence (5.32) slightly improves classical results on this topic.

Remark 5.3 It would be interesting to provide a Riemannian version of the previous result.
An alternative in this direction might be to use the theory of Riemannian self-concordancy
recently announced in [14]. This is beyond the scope of this paper.

5.3 Riemannian Smale’s a-theorem

Another celebrated local convergence result on Newton’s method is the so called a-theorem
of Smale [25] for analytic functions, which is a very useful tool for the construction and
computation complexity analysis of homotopy algorithms for solving nonlinear equations
[3]. An extension of Smale’s a-theorem to Riemannian manifolds was established by Dedieu,
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Priouret and Malajovich [5]. As a special case of Theorem 3.1, we will obtain a Riemannian
version of Smale’s theorem which improves [5, Theorem 1.4] (see Remark 5.4).

(From now on, let us assume that both the complete Riemannian manifold (M, g) and
the vector field X under consideration are analytic. Following [25], we set

1
k—1

v(p) = sup %X’(p)_lX(k)(p) 7 (5.33)

k>2

p

for each point p € M such that X'(p) € GL(T,M), and v(p) = +oo otherwise. By
analyticity of X, v(p) < 400 whenever X’(p) is invertible and the following Taylor formula
holds:
+a31
Vu € T fuly <100 > FaoXWCD) = Y XUV, 630
5=0

where ((t) = exp,[tu]. Here, we adopt the convention 0~ = +oc.

Lemma 5.2 Let pg € M be such that X'(py) € GL(T,,M), 7 > 0 and p € B(po,T).
(i) If r < v(po)~! then for all k > 2,

k! (po)*—1

X' (po) " HP¢ 10X ) < :
X (o)™ [P¢,1,0 ®llpo < (1 = ~(po)r)F+t’ (5.35)
where ¢ : [0,1] — M is the minimizing geodesic curve joining py and p.
(ii) If r < (1 = 1/v/2)y(po)~* then X'(p) € GL(T,M) and
1
7(Po) (5.36)

R s B

for(a) =1—4a+20 = (a—1+1/v2)(a—1—-1/v2).

Proof. (i) Let us write ((t) = exp,, [tu], t € [0,1], with u € T}, M and p = exp,, [u] so that
|ulp, < 7. We obtain from (5.34) that

+oo +oo /.
, 1 (i ; J+k)! k1 i
15/ (0) P10 X O @l < 3 1K 00) XU (o)l g <y VLR j! Lo,
j=0 7=0

+o00 , . ) k—1
< kly(po)Ft Z M(’Y(W)T)J = il li!y,y(g)o))r)kﬂ'
0

(ii) Denoting by I : T, M — T,,M the identity operator on T}, M, we get

+oo
_ 1 B : .
1X" (o) " Pe1oX (D)) = Illpy < ZFHX'(Z?O) LX) (pg) || por? — 1
j=0""
+o00 ] 1
Z(l +7)(v(po)r) —1= ——F— — L.

J=0

IN
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As(po)r < 1-1/v/2, we have that 1/(1—(po)r)?—1 < 1. We deduce that X’(po) ‘P ;0X'(p)
is invertible, hence X'(p) € GL(T,M), and

(L=2po)r)*  _ (=7(po)r)*

1o X () 1X o)lo < 57 =552 =T = " 563 Gpo)r)

Therefore

1X' () X B ()|, 1X" () P o1 X (p0) X' (po) " Pr 10X P (0)]l,
1Pe1,0X ()] " X (90) |l o ||X/(p0)7lpc,1,oX(k) ®)lpo
kly(po)*t

(1 =~(po)r)* =1 (v(po)r)

From the fact that 0 < ¢/(a) <1 when 0 < a < 1 —1/v/2, it follows that

IN

IN

N ~v(po) _ ¥(po)
T o™ 0 GG

which proves (5.36). O

Lemma 5.3 Letpy € M be such that X'(po) € GL(Tp,M). For any R < (1-1/v/2)v(po) !,
X satisfies (3.7) with

_ 29(po) .
=T gome "< O

Proof. To prove that ¢ complies with (3.7) it suffices, by Remark 3.1, to establish that for
every r € [0, R] and ¢ € Ga(po,r) we have that

1X" (o)~ [Pe,a,0X" (c(a))]llpy < €(r), Va€[0,2]. (5.37)

By continuity, it suffices to establish this property for r € [0, R).

Fix ¢ € Ga(po,r) with r < R. By definition of Ga(po,r), ¢ is the concatenation of two
geodesics (; : [0,1] — M (i = 0,1) with (o being minimizing. Let us write ¢(t) = (o(¢) if
t €1]0,1] and ¢(t) = (1(t — 1) if t € [1,2] . Since (p(0) = ¢(0) = po, applying Lemma 5.2(i)
to (o with k = 2, we deduce that (5.37) holds for all a € [0, 1].

In order to prove (5.37) for a €]1, 2], we argue as follows. First, consider a € (1,2] such
that d(c(1),c(a)) < v(c(1))~!. Since c on [1,2] is a geodesic curve, we may write c(a) =
expery[ua] for some uy € Tp)M with [uger) < v(c(1))~t. Notice that |ug|p, + |u1|e) =
d(po,c(1)) + d(c(1),c(a)) < r. By Taylor’s formula (5.34), we have P.,1X"(c(a)) =
572 L X6+ (c(1))[u ], hence

+o0

1 . .

P00 X" (e( Z—, [Pt 0X U2 (e()] (P 0w )V
0
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Since c(t) = (o(t) = expy, [tuo], t € [0,1], for some ug € Tp, M with |ug|p, = d(po,c(1)) <
r < (po)~!, we have ¢(1) = exp,,[uo] and we can use (5.34) again to get
R | o . .
PeaoX”(c(a)) = ) ﬁX(JOﬂIH) (o) [ s (Pe,1,0u1)’].
T, Jo g1
Jo,J1=0

Therefore

1X"(p0) M Peao X" (c(@)] lpy < Y 1 (po) = X VO (o) g [uo 9| Py o ),

o . .
(Jo + 1+ 2)! o+ o 1,19
< Y o) g 9 [ 7

> (Z jgl(f%_?!)!WO@oWl\?@f)v(po)k“
- Z(k +2)(k+1) (|U0|p0 + \u1|c(1))k7(p0)k+1

o) r () — 280
< k;)(k+2)(k:+ Do)y (po) = G0 oy

The previous argument shows that (5.37) holds for every a € (1,2] with d(c(1),c(a)) <
y(e(1))7L If d(c(1),c(a)) > v(c(1))~! then one does not know whether a direct Taylor’s
expansion at ¢(1) is valid or not. Nevertheless, as r < R < (1 — 1/v/2)y(po)~!, by virtue
of (5.36), there exists a positive constant K depending on r and ~y(pg) such that v(p) < K
for all p € B(po,r). Consequently, there exist a finite subdivision 1 =t; < ... < t,, 1 = a
of [1,a] and corresponding tangent vectors u; € Tp,)M such that c(t;1) = exp.q,)[ui] and
wiler) = d(c(tipr),c(ti)) < K1 < y(e(t;)) ! for i = 1,...,n. In such a case, successive
applications of appropriate parallel transports and Taylor’s formulas yield

+oo 1
Pea,0X" (c(a)) = Z -

WXUO*--*W) o) [, (Pey our)?’ ., (Pey,, 0ttn )"

J0os-+Jn=0

Then, since [uglp, + Y iy |tilet,) < 7, We can use similar arguments to show that (5.37)
holds. We leave the details to the reader. O

Theorem 5.3 (Riemannian a-theorem) Let py € M be such that X'(po) € GL(T,, M),

and set o = [y for 8> |X"(po) "' X (po)lp, and v =~(po).
Ifa <ag:=(vV2-1)2 =3-2V2 then ﬁle sequence {py} generated by Newton’s method
starting at po is well defined, contained in B(pg,r*) where

* = 1[1+ Va2 —6a+1]
r—47 o o « ,
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and convergent to some p*, which is the unique singularity of X on B(pg, (1 —1/v/2)y71).
In particular, d(p*,po) < r* < 2.

For all k > 0, d(p*,pr) < r* — i where {ry} is the sequence generated by Newton’s
method, starting at ro = 0, applied to the scalar function

p(r)=p0—-2r+ (5.38)

1—vr
The sequence {ri} converges to r* which is the smallest zero of ¢ in [0,y 1). Furthermore,
1, has the closed form

1 2F-1

*
r
k

1—v2-1p

Tk = ’

for
l—a—+Va?2—6a+1 l+a—vVa?2—6a+1
V= , = )
l1—-a++va?2 —6a+1 g l+a++vVa?2 —6a+1

Proof. By Lemma 5.3, one can use the same arguments, up to the factor «, of the proof of
Theorem 5.2. We leave the details to the reader. O

Remark 5.4 Theorem 5.3 is a finite-dimensional Riemannian version of some results of
[29, 30] and improves two aspects of the R-a-theorem proved by Dedieu et al. in [5]. First,
the constant g = 3 — 2v/2 in Theorem 5.3, which is the same of [29, 30], is better than the
analogue constant 0.130716944... in [5, 25] characterized as the unique root of the equation
200 = 1p(a)? in [0,1 — 1/4/2). Second, and more importantly, in our approach there is no
need of any condition relying on the injectivity radius r,, of the exponential map at po,
while in [5, Theorem 1.4] it is assumed in addition that 5 < sgr,, for a suitable universal
constant sg > 0.

Remark 5.5 We focus on the conditions of the original a-theorem in order to illustrate
our approach. However, further improvements of Smale’s result relying directly on the
quantities || X' (po) "' X ®) (po)|lpes k > 2, (and not on the upper bound ~(py)) are given in
[28, 30] for the Euclidean case. Of course, Riemannian versions of those results can be
obtained by specialization of Theorem 3.1; we will not develop this point here.

6 Variants for vector-valued maps on Riemannian manifolds

Up to straightforward simplifications of the hypotheses and proofs, the results presented in
this paper are also valid for a differentiable map F' : M — R", with n = dim M, and the
Newton iteration given by

Pr+1 = exp,, [—F'(pr) " F(py)]. (6.39)
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Here F'(p)v = (Vy Fi(p),...,VyFu(p)) = Y (F1)(p),...,Y(F,)(p)) for any vector field YV’
on M satisfying v = Y (p).

We are interested in finding a zero of F, that is, some p* € M such that F(p*) =0 € R™.
We assume that for the starting point py € M we have that

F'(po) : TyyM — R™ is nonsingular. (6.40)

We suppose then that for some R > (0 there exists a continuous and nondecreasing function
¢: [0, R] — [0,+00) such that for every r € [0, R] and ¢ € Ga(po,T),

b
1E" (po) " [F" (e(b)) Pe,o,p — F'(c(@)) Pep,alllpo < 5(7“)/ él, 0<a<b, (6.41)

where only unilateral parallel transports are required. Then, defining ¢ exactly as in (3.9)
for

B=1F(po) " F(®o)lpo,

we have that the analogue to Theorem 3 holds with X replaced by F'.
If for some positive constant L we have that

1
I GO Pras = PO e <L [l

for any geodesic curve v : [0,1] — B(po, Ro), then it is clear that we can take ¢ = alL
on [0, Ry] for a = ||F'(po) !{|p,» and we obtain as a specific case an analogue to the R~
Kantorovich theorem (cf. Theorem 5.1 and [10]). On the other hand, in order to verify
(6.41) when F € C?(M;R"), arguing as in Remark 3.1, it suffices to obtain some appropriate
upper bounds on

1E" (po) " F"(e(t) || = sup{|| E" (po) ™ F" (c()) [ur, u2]llpo | wi € ToyM, |ui| < 1,0 = 1,2}
for an arbitrary curve ¢ € Ga(po, 7). In a similar direction, defining

1
1 B (=1
—F'(p) L F®) (p)

v(p) = sup o

k>2

)

p

for an analytic map F': M — R"™ on an analytic Riemannian manifold (M, g), we may state
a Smale-type a-theorem analogue to Theorem 5.3.

Acknowledgements. The major part of this work was done at the Centro de Mode-
lamiento Matemético (CMM) of Universidad de Chile during a postdoctoral fellowship and
a research internship of the second and the third author, respectively. They would like
to thank their hosts at the CMM and particularly Roberto Cominetti for his very helpful
advise and comments.

25



References

1]

Adler R., Dedieu J.-P., Margulies J., Martens M., Shub M., Newton method on Rie-
mannian manifolds and a geometric model for the human spine, IMA J.Numer. Anal.,
22, (2002), pp. 1-32.

Appel J., De Pascale E., Lysenko J.V., Zabrejko P.P., New results on Newton-
Kantorovich approzimations with applications to nonlinear integral equations, Numer.
Func. Anal. Optim., 18, (1997), pp. 1-17.

Blum L., Cucker F., Shub M., Smale S., “Complexity and real computation”, Springer-
Verlag, New York, 1998.

Cominetti R., On the convergence of Newton’s method, unpublished technical note.

Dedieu J.-P., Priouret P., Malajovich G., Newton’s method on Riemannian manifolds:
covariant alpha theory, IMA J.Numer. Anal. 23, (2003), pp. 395-419.

Deuflhard P., Heindl G., Affine invariant convergence theorems for Newton’s method
and extensions to related methods, STAM J. Numer. Anal. 16 (1979), no. 1, pp. 1-10.

da Cruz Neto J.X., de Lima L.L., Oliveira P.R., Geodesic algorithms in Riemannian
geometry, Balkan J. Geom. Appl. 3 (1998), pp. 89-100.

Do Carmo M., “Riemannian geometry”, Birkhauser, Boston, 1992.

Edelman A., Arias T.A., Smith T.,The geometry of algorithms with orthogonality con-
straints, STAM J. Matrix. Anal. Appl. 20 (1998), pp. 303-353.

Ferreira O.P., Svaiter B.F., Kantorovich’s theorem on Newton’s method in Riemannian
manifolds, J. of Complexity 18, (2002), pp. 304-329.

Gragg W.B., Tapia R.A., Optimal error bounds for the Newton-Kantorovich theorem,
SIAM J. Numer. Anal. 11 (1974), pp. 10-13.

Helmke U., Moore J.B. “Optimization and dynamical systems”, Communications and
Control Engineering Series, Springer-Verlag London, Ltd., London, 1994.

Jarre F., Interior-point methods for convexr programming, Appl. Math. Optim. 26
(1992), no. 3, pp. 287-311.

Jiang D.C., Moore J.B., Ji H.B., Self-concordant functions for optimization on smooth
manifolds, Proceedings of the 43rd IEEE Conference on Decision and Control, Ba-
hamas, pp. 3631-3636, 2004.

Kantorovich L.V., Functional analysis and applied mathematics, Uspekhi Matem. Nauk
(N.S.) 3, (1948), no. 6, pp. 89-185.

26



[16]

[17]

18]
[19]

[20]

[21]

[22]

[23]

[24]

[25]

Kantorovich L.V., The principle of the majorant and Newton’s method, Doklady Akad.
Nauk SSSR (N.S.) 76, (1951). pp 17-20.

Kantorovich L.V., Akilov G.P., “Functional Analysis in Normed Spaces”, Pergamon,
Oxford, 1964.

Lang S. , “Differential and Riemannian Manifolds”, Springer-Verlag, New York, 1995.

Nesterov Y., Nemirovskii A., “Interior-point polynomial algorithms in convex program-
ming”, SIAM Studies in Applied Mathematics, 13, Philadelphia, PA, 1994.

Petersen P., “Riemannian geometry”, Graduate Texts in Mathematics, 171, Springer-
Verlag, New York, 1998.

Potra F.A., The Kantorovich Theorem and interior point methods, Math. Program.
102 (2005), no. 1, Ser. A, pp. 47-70.

Ptak V., The rate of convergence of Newton’s process, Numer. Math. 25 (1976), pp.
279-285.

Renegar J., “A mathematical view of interior-point methods in convex optimization”,

MPS/SIAM Series on Optimization, Philadelphia, PA, 2001.

Shub M., Some remarks on dynamical systems and numerical analysis. Dynamical sys-
tems and partial differential equations (Caracas, 1984), Univ. Simon Bolivar, Caracas,
pp- 69-91, 1986.

Smale S., Newton’s method estimates from data at one point, The Merging of discipi-
lines: New directions in Pure, Applied and Computational Mathematics, R. Ewing, K.
Gross & C. Martin Eds., Berlin, Springer, 1986.

Smith S., Optimization techniques on Riemannian manifolds, Fields Institute Commu-
nications AMS, 3 (1994), pp. 113-146.

Udriste C., “Convex Functions and Optimization Methods on Riemannian Manifolds”,
Mathematics and Its Applications, Vol. 297, Kluwer Academic Press, Dordrecht, 1994.

Wang D., Zhao F., The theory of Smale’s point estimation and its applications, in
Linear /nonlinear iterative methods and verification of solution (Matsuyama, 1993), J.
Comput. Appl. Math. 60 (1995), no. 1-2, pp. 253-269.

Wang X., Han D., On dominating sequence method in the point estimate and Smale’s
theorem, Scientia Sinica Ser. A (1990), pp. 905-913.

Wang X., Convergence of Newton’s method and inverse function theorem in Banach
space, Math. Comp. 68 (1999), pp. 169-186.

27



[31] Zabrejko P.P., On the approzimate solution of operator solution, (Russian), in
Shilov G.E.: Differentiation of functions: Higher derivatives and variational calculus,
Yaroslav. Gosud. Univ., Yaroslavl’ 1980, pp. 51-71.

[32] Zabrejko P.P., Nguen D.F., The majorant method in the theory of Newton-Kantorovich
approximations and the Ptdk error estimates, Numer. Func. Anal. Optim., 9 (1987),
pp. 671-674.

28



